{ 1o GmF\/\s
Oﬁ%in c§ G[rcrr\n -H/\eona_
Kt'wﬂ%sber% 'Bv-l:l%e Boblem verkex

N

vertex : [and

ecl%e : l:wid%es

Can one cvross eodh cf-ﬁ«eseven b«ld%es exqctha once  and rzham-toﬂ\e.sﬁav-ev\g roiwt 2
Euer is -Hre fivs‘t mathematican o -fumulahe. and  answer e %,\esbov\ i terwms
cf %ra s . (Travel all eﬂa*zs mc’cl‘a once  ard vrebuen +to the inttial  vertex )

A Simple %raFlr\ S: (V. E) consists cf a V\ovem‘sb.a set c§ vertices V and a set sf
e&aes E. Each ed%e. has o distinck  vertices associated wida th, cdlled ts evadrFo’M'Es.

“There s at most one ed%e_ )oln'ur\%_ a Fair- cf disbinct  vertices .
(Remark : befme a:{ta.@): aeV3Y V=V anxd deﬁv\z ~on (VxV)/ZA sudh Haat (a.b)a(b.a).

Then E < ((WVNa)/a )

Instead c? wv-rbv% down the elements cf V. oand E, we V\Sb\ﬁ“\.é_ "el’rem & os below.

ExamPle ot
ed%e. ViNy
N { e loop
W\V\\'E\F
- A/\
Ny Ny 3
@ «

@ by

Q). (b) are Sithle. %n:rrlr\s while @), (& are wnst .




l-f loors and mFEr‘a\e e&%a are allowed, tt is called a %enera.l %«aFL\
(Remark : lf %ey\era\ graF‘/\s are considered | E may be o wutkiset )

'Def\n'\'h'lom 0.2

lf V axd E ave -?vsl'&e then §:(VE) is called a ‘?v\\"ce %ra:r\r\ . otherwise t is called an
ifte gaphs.

ln this wstes. a 3«a‘>\n means  a -ftn'rte_ %e.vxern.\ %ra\ﬂr\

.Def\\'\'('ﬁon 0.3

l'f SQ=(VLBE) and G -(LED ae %mcr‘/\s ., Q. and G, are said to be tsomorphic 'rf
“here exists a ‘djec‘tive -fw»cﬁovxs fv" V=V, and -fE: E. =B, such that
eeE, s :)o'w\in% v,ow eV, “? and o\r\l\a i'f 'YE(Q\GE,_ = )eivﬁn% -f\,(\n '_f\l("") e\h.

Exaw\:le .2

We y
\a Vg Ve \V4 \/

Ba Ccvsldeﬁh% V; e \Ji |, the doove %mrl«s are iSOMowF\MQ_.

'Defmrhw 0.4

kf Q. :=(\.E) and G,:(\V,,E) are o grdF\'\S,'ﬁf\Q Union 3«?\« QuE, s

le?na:\ oz §:GQuG:= VoV, EVE) .

A %mr\r\ i said +to be conneckted Pf t camst be ex\>resseq\ as Hae  union cs? ‘oo
%m:‘ﬂ/\s , otherwise tt is said +o be disconnected .

P\wa disconnected %va?k can be exFresSe.cl as Hhe  Lwmion c§ comected %vths , eacl UT which
is called a Qomrcmew‘c cf q.




VAN

_ﬂf\e above %rar\r\ consists cf 3 Cam‘x;mel/\":s.
(Think : \-Jlma is -the %m‘F‘n consists cf on‘\a one  vertex wrtda wo ed%e. connected 2 )

-DQf(V\THOV\ 0.5
Two wertices are sad o be qdjacewt uf there is an ed%e_ Jo’min% ~trem .
The dearee cf a vertex v , densted ba de%(v) . i dhe uwboer cf zd%a incidentt Wi .

Bm\m?\e (0.4
de%c\m =5
Cle%(\l,) =2
=3
3z X cle%(\l,)

Lewmma 10.1 (HN\dSMEMé Lewwma)
\E’Q dea(v) = 2E| . T 4 hav\q\s‘/\q\:ings s§ cadn persen - PUPEE l'\avxdsb\a.kiv\%s

B«m?\es
Null %\mfl'\s Na : A gr-a.\:\/\ wtdh  n vertices but e ed%e.

N,

Com?ltz&. %rarhs Kn: A %ra.?b\ wtbh " vertices and  coch pair df distinct  vertices are

\]o'med 'oqa WH-a_ one ed%e.
_n'\erszre, Kin has C7 . 00 edaeg.

examrles :




C;ade %mrlns -~ pth %rdF‘I\S ard  wineels :
exawrFles :

C, B We
Cac\e. %mF\/\ Path %mr\'\ Wheel

Reaulw %mrks: 'De%rze. cf all vertices are -“dre sawme .

exavnF(es :
Petersen %m-rb\ C.ac.le %m:‘ﬂ/\ Cn
‘re%u\\av- o‘§ denav‘ez 3 \’e%v\\av- oﬁ de%ree 2

'BIFa.v-Ei-EQ graF\«s . Set cﬁ’ vertices WV can be gFl‘rt nte e dislo'wvh sets
A ad B . eadn e:l%e, :)oiV\s a vertex in A and a vertex in B

examFle :

CovwF\GEQ B’lFav'E‘rEe %rar\ns Kes: A biPar('H:e. %fexrlrx with  (Al=yv , BI=S and each
verbtex n A s \‘)dv\ed +o e\:ena vertex in B \:wa
equ:l\a one ed%e. wre Kes has s ed%es.

- A DK

K\.s Kz,s



PC(H/\S G\V\d Caac\es
'Defin\f'lbn lo.6

lek § be a %ruPL\

A wilk in § is a —f‘m'rba Seguence c)’- ed%es cf “he —fam NVAVARVAVAEEPIEY SV
alse  densted bla Ne—> Wy =V — - = Npy , Where v and Vi ore Qd}acev\'t or idestical.
(l—g Here exist wove Hraan one ed%e Joining Vi and Vi, Bren  whiclh ed%e s travelled
hos to loe sFedfid‘)

The lev%t\,\ IS w L, Ve and Vi are  intkial and -fiv\al verkex Ves‘:echveha

A %l 13 a wak in which all the ed%es are distinct .

A Fcrﬂ,\ I8 a %rail n which all dre verkices |, but ‘Foss'\u\a Vo=V , are distinet .
A path or “frail s closed rf Vo= Vinn.

A Ckacle s a closed 'Fa-&b\ CQW'mivxin% at  least one ed%e.

5<A|M‘F\e (0.5

= VoW X sy 22 is a -bmil
NoWw—ox sy -2 Is a -Fa:(:b\
\V; W 2 V—tw—>x—>ca—vz—>x—>\/ Is a closed *trail
VoW g N S a coacle.
K

PR{'DFQS?E\OV\ (o.1 (Comected : Padrh Connecked)

A %\r‘d?'/\ iS  connected If and cv\ha rf “rere it a F«ﬁ« between eaclhh 'Fa?r csf vertices .

proof

Let §:=-0\LE) be a %\farln

<’ Su‘sFose “dhe cnwbnné.Le't Q:F,0G, . v,eV and e\, .

Ba ass»MFttm e exsts a "xrd«\ V= -.. =\, but there exists an ed%e 3
3oin'mg wieV, and wie\s . So e.f E,0E, (Costadiction)
& N




= SuFFose “dhe cnwﬁrané—fkerz exisE v, ,\vaeV suda Hhaak wno Pa’d« Joins v, and ;.
Let V={v:.=3 path Joiningy ¥ and vl and et \L=NAY, L ’B.a assum’rﬂon VATV A
Let Ex{ecE.both empoirts eVl and lek E-ExE,
Neote. : If eeck, ., beth emlFeMts are n . Obnenaise, lf e Joins w.eV, and wae\,
N SR Fq-H,\ Jeini v oand v, L, so WieV, whidh s a cosbradiction .
Let G =ONLE) ad §-0LE) . Then §-§,0G, which m?hes G s disconnected .
(Contradiction ).

FPY‘UFOST&.IOV\ 0.2

let § be a siwcFle %m:t:‘r\ wrda 1 vertices . (f g has k cow\rwxewts tren
n-k =< (El s‘“"“)_‘iﬂ) )

P
Lo\..\ex- bohnd :

(T we add ore ed%e to a arcz‘;\a , Hre vimber c‘f c‘awx?onew& 1= eitdher Umc:lr\aw\%ed
o decreased loqa t (k)\«a"?)

We start ‘me\ e null %m:F\A N. |, trere ae wn Caw\‘lbemem.
The  wininmwm  nunloer cf ed%es “+o add “*o dstain a %ran\r\ wida k Qow.]»neyﬁks is wn-k.

UP?QY‘ bcuvd:
To detnin dae U\Fre\r- bound cf E\L,

we W\cua_ assume  eacla Cowrruweﬁt s a ccmPle'ba 3@|>|«

OO Q
KI‘. k’l‘; K"k

Claim : The wpper bound cf [El is atkained in the extreme case Haat
all Cow\rovxev*.s €><Qe'lst ‘e lask are N, and Hre last Cew\ravsen't 1S Kook

[ o o .. ° K’\-k-‘.\




[
E‘ =+ ed%es ef Ke
;(G-0)
. j‘é,—l
= -'Iig[(\"i-l)l* i=t]
3 2

= -{[(?;‘(r;-l) ) +V\—\<]
<L L{Zen) +n-k]
- Ji[(v\-k);-«-(h-kﬂ
- Lv\-k)lgv_\-kﬂ)

= number sf ed%es csf | ST

Co(oucma_ (o.1
A Sim'rle. %voeF\n with 1 vevtices and  more than M%L es wust be connected.
FDQ'?V\\'E\OV\ o3

A connected %Y‘a'l:‘a G is Euerian rf there oxists a  closed il Cov\'taivﬁr\g every,
e:i%e. df & and sudh twil is called an Eulerian il

A connected , non-Euledian %w:xrl« S 1s sewi- BEllerian “rf tiere exists a —twmail
Covrtaivxiv\é Qveriy QA%Q c:f .

Question : Necessana and Sl«ﬁldewt condrtions —Fr- a %I’GF‘A —+o be Blerian ?
'Be%e_ Hrat , we veed.

Lenwma (0.2

(-f G is a %rarlz\ suda Ahat de%(\nz: or al veV ,then G cowntnins a qacle.

Pt
“Trvial . \'g S las loch or m.\H:JF(e Ed%tS .
Pssume § 8 a sivwrle %mcFL\

Take v eV, de%cv\z L > there axists e\ sucdh Haat \, is ael]qcewh 4o .

Qle%(v,)? 1L = there adasts weV suda gt TS qcl]qcewh ‘o .
ReFmbv% +his and consbruct a walk vy =V -, Since there are M‘Q
ﬁw'te.ha ot vertices Qvewbmll«a we have ;s 5 —f.;,r Some i<\’\).




“Theorenm (0.1 (Euler 1336)

A connected 8ra‘>|r\ G s Edevian If and onl‘a rf “he de%w) is euen 'fbf‘ all veV.

rt

=

%oiv\é " %oiv\g ot

‘< Lewwna 103 = Existence Q’f C(ac.le Y

make a cowtribution cf A o de%(v)

rewmone ed%es of ¥
ard  vertices :sf Y Eve«% Cemaining
witth de%ree p vertex 1 lnming_

¢ - 4

even degreq..
FRZFQﬁE‘V\% e adbove o okstnin Qac\es wrtil o ed%e Yemains

\"QODW\‘dnir\% e csac(es ) '?)ﬂm an BEulerian twmil.

Cwa\\cma_ 0.2
A connected %rark G 1s sewi- Eulerian f and onlla 'f t has exactl(a te vertices

c?oddde%ree.

5<am‘>le (0.6
L

de%rea

Eulerian Semi - Eulevian Nown - Eilexian



Construction cj Eulerian il :

AVA Ny N, Vo
omove Y o
Ne Va — Ne Y
Vg AUN Ng N

Y . \‘l—’V;AVl‘.Q\IS-—.V| (O \’S—‘\I"_‘Vl "-‘\I“ﬁvs—)\lg_—’\/s

Qq verkex Y
Covn‘oiv{ur\% Y and o : Ne=2 Ny =V =N = N =SV =N, =\, =\ =\ — Y,

— e _ =
\\}

beﬁv{rﬁovx lo.&
A connected %m-rk q s Hamiteonian rf there oxists a c‘ac.(e cevvtaining every
vertex of S and sudh oac_\e is called an Hamittonian Ctaclz.

A connected , non-HamiHonian %szl« Q s sewi- Hamitconian rf trere oxists a Fa'tb\
Covvtaivxif\g every vertex c‘f Q.

Al'ef\ev%b\ e loocks (ke 'findin% Ellevian trils  and 'ﬁn&in% Hamittonian cacles are.
Similay- %ues(ﬁevxs , wvfbvbmatelna ,trere it stll no charocterizations -for Hawmitconian %varb\s.

OSV\Q“la , we can onl‘a wrke  down  Statements  with Sufﬁciewt conditions fov- a %mcrk
‘o be Hawﬁ('&bvﬁavx.

-PWFOSYHQV\ 10.2 (Ore | [6o)

l-g § s a S\m‘:\e Sm‘:\/\ wrda  1n2 3 verkices , and rf de%(v\-@ clerz)(w)z n -55«- eacl peie csf
Non - a 3acevvh Vvertices Vv and W, then G s Homitonian .

Py

Su\ﬂmse et § R a Simple %rcrr‘/\ wrth  ~the. 'Frurerhé on ée%re.e. sﬁ vertices but

s net  Hawittonion.

We con continue to add more e.d%a wstil Tt becomes Hawittonian .

(Think : A complete %mrl,\ s Hawitonian .)

Let H be the %ro:‘ﬂ/\ whidh 1€ the one st bzfema becaw\ivx%_ Hawiteonian , i<. rf we
add one more o_d%e_ e t H sV.'r’mu‘a_, . becomes Hamitonian.




_l'\'\ersza wirda ae\div\% e +to H, we Con consbruct a Hawittonian c‘acle_ whichh contains e
e

S

Ny Vi s \= Vn

Note trct H still has the FmrFerha that de%(\h-edeg(w);vx -jcn— eacln pair cf
non- ad}acevvh vertices Vv and W cf H . Alse v and v, are nsk chjqcewh ., So
de%w,)+de%(v..) 2 which implies there exists adjacent vertices i and v, in H

Such Hhat v, = ad]a.cev(h to Vo o\, IS qdja.cevvh +to V..

.

Nio Va Tt Ve Vel - - V- Va

—n\en, Vi V=3 = Ve D2V =2 N = - DV, =V, IS a Hamitconian cac.le. in H (Cevﬂc\’adicﬁov\)

Cwo“ana_ 0.3 (Divac, 1952)
(—g G = a SiwrF\e %mr\/\ wrdh  »n2 3 verbices , and rf degtv\ >4 fov- all verbces v,
then Q s Hamitonian .

“Trees

Deﬁvﬁ'ﬁon lo.]
A tree s a connected %m'Flr\ ot contnins no c\acles.

A forgt S a %m?\« whose Cow‘rcv\ewks are ~trees .

5<o.wr‘>\e 0.3

Ym%

@ and by are +reex wWhile @ s wsk.




—Pmrosruw\ lo.4

et T be a aro?l« withh n vertices. TThen -the 'fbllowing stutements  ace egcqu(e.wt:

) T s a tree .

) T contans no c«ac(es ard has wn-1 ed%e.s;

Gii) T s comected and has n-1 o_d%es;

v T s comected and eveny ecleae s a br-iql%e Lie. the %\‘drln becomes disconnected l-f a
‘or'\d%e_ s removed ;

N any two distinck vertices are comnecked b‘% a wunique path ;

&) T contains  ne c;acles . bt e addrtion cf 04/\\3 new eA:ae creates Qxacﬁla one oade_.
Take cwa convnected %M'Fl/\ &, Suppese “drhat Hrere s a cxacle. . Yewowve an ed%e cf
“dhe. c;acle and e mu\H-.ina 8rn'r|r\ is st connected .

Re?wﬂa doin% ~“this  wstil no c‘acles _Then —the \"Ema.ivﬁv% %rar\f\ s a “tree —drat
contains  all verkices c-f S ., such tree s called a Spanning “tree crf q.

D

SPcmv\M% ‘e

E><am‘>\e (o3

%

More Problems  on 'Farﬂas and Ctades

'Defmrb‘ov\ lo.10

A wei%\,szd s %\’ﬂr‘r\ wrdh @ vumbaer- |, called wei%lnt, czssl%vxed “+o  each enl:az




The Shortest Padh Roblem

5<am‘>\e 0.8
B

3 4 ( 5 s
S 1
A ] 2 3
\/(D \ & /3
C 9 F 4 1

Dﬁksbm’s Al%oﬂ'e/\m:
Assi%no-ba A and searxlhh all
vertices o.djace.wt +o A -

BIPM 5 E 5 H

3 4 ! 5 5
AO b 2 S |

=) J
2 (A ] ! & /3

Cl(A)‘i/F 4 I

’Eewcromw% label Uf shortest
‘PO:U/\ 'fvfbw‘ A t~ a verﬁe(

sSmallest one is c‘_ow?vweel

B2 5 E&® S H

AN
RVAVAY

CaA) 9 Fum 4

B2 5 EB®S

H3IE)

5 s
Gﬁcb)

caA 9 [Fu® 4

\/“’/\% 3

Quen a we.i%kted 6ml>l« ard b distinet vertices |, how o -flv\d a *Fdﬁf\ wrtda
minimum  Sam cf wei%h'ks frow\ one vertex o -bhe other 2

Guren a weigt\"ced %ro.‘:h whiclh medels a  netuork oj‘
vroads and the we.aah't csf an ed%e_ 1s the distance u-f
e GQW'QSPsvdiV\% voad] .

Find the shortest ‘Fd’d/\‘frw A +o J .

Searchh all wvertices wrthouk cowﬁmeel
lebel which are adJaceWE ‘o e

vevrtex NI'HA newl Covfﬁlmed \a\oel
B2 5 E S

3 4 ( 5 s
AO 9 2 & |
=) J
2 (N ,‘ | & 3
2w 9 [Fum® 4 I
W\DC&T‘?Qé Since 2+6=8<9

alse keeP “mck on e previous vertex

B2 5 EE®S H

R ViAY:

C2A 9 [Fue 4

B2 5 ‘58(3) s H13E)

L&)
AO\/EW)/\/3‘°‘G’

cauA) 9 [Foe4 15O

Shorest. Patdn ‘f@vm A4 J: AR ->D>->7J



“The Chinese. Postiman  Rdolem
Qren a we.‘%kted 6ml>k how e trmvel all the eA‘aes at least once and retm o

e S‘vaw% 'Fo‘ﬂt 2
I-g “he %‘”P"‘ 1z Bierian , Yhe BEledan trail is “dre  solbon .
CThink . How  adoost  semi-Buleran %mrln 2)

b can be d‘rﬁim\'t ‘gb\" a %e.vw_ra.l %mrk i

“The -bravel\iv\% Saleswman  Rololem
SQuen a ue‘%kted 8ml>l« o e travel  all Hdae verbices gt leask once and  retin o

he S'toa'bv% 'Fovrdc wrtdh  minimum  Sumn cf weiah'ks 2

The  Minimum  Commector Rdblem
Sen a we‘:%k&:ed amrl« Chows o -fiv\el a S‘:.avw\'m% ‘oee uwirthh  minimum  Sum cf Nexgr\'b 2

Exoum\?\e_ 0.9

eprezdxa N%Dﬂ'ﬂmm
FRQPQ(IH% cl'\obsing ed%es cf Winimana weigﬂ\: such Hhak o c\ac(e s created :

Do nst dhcose s,
sthernuise tt *fwws a oacle.




Planar Srophs

—De?nrbiovx o1

A 'Flanor aro?\f\ s a %qu‘/\ Hrak can be dmwn in the F\o.ne widhout  crossivas.

Exaw?\e_ fo.1o

K Ks
Ba w\win% the ed%e.we_ can see K, Is a ‘Flamr %n:r'r\
How abosk ks and Kia?

FPYb‘FOSwOV\ (0.8
Ky ad Kyy are V\on-'l:lav\ar.

K tums oxk Kg and Kyy ae © Bu\\d\v% blocks ” d‘? non-planar av-n'\ﬂz\s.

beﬁnﬁiw\ o1
Two %rnfll\s are sad +to be b\we.omorrk\c rﬁ botdr can be  ckstained 'frw« -dhe. sowme

%m:F\A \o\6 MserEiv%_ new  vertices aﬁ de%ree 2 nto s es:\%es
A %rafk G is conbractible to ansther %x—aF\« g rf we can obstain §’ ba_ Smccgssive.lug_

Exm\?\e_ 1ol
/
H I ,
& 3 \ G, and G are '/\omeomw'r‘/\\c.

@ @ Bla cnwbro.chv\% marked e:\%es

S — 8‘@?"\ we  obstain Kg -ﬁu«« e Petersen %rchL\




Theorem 102 (Kuarbowski, 1920)
A %\ruF'/\ S ‘Fla\vxor rf and om\\a 'r§ rt cowtanms wne S'.A\a%rarla howxepmwr'/\ic. o K or Kaa.

Exaw?\e. 1o.12

The %ﬂ:F‘z\ s V\oV\:Flamar.

Theorem (0.3

A %V'a?'/\ is ‘F(mor rf and om\\a ?f tt covtains no Su‘o%mr'«\ conbractible ts kg or Kya.

Exam‘:le_ o3
The Petersen groph i V\OV\-F(QV\Q.V- as b is conwtractible 4o Ks.

So\ﬂ»se hat § is a ‘F‘me‘ %mrl,\ G divides ~the \>\av\e. into Y‘Qaion&, called -faces.
For e.xawrF\e : the. -Tnee 'fq, 15 unbounded | and ™ s called

A % “dne ivv?m'rﬁe -face.

£

“Theorem (0.2 (Eulec, 350)
Let & be a P\ay\e_ dmwiv% csf a  comnected 'Flamv- %rcrrk ,and let V. E,.E be
e nuwboer cf vertices . ed%es ard -f’ace.s resrecbve(‘a_ﬂ'\ey\ V-E+E=2.

What is the relation betueen a 'Flavxar %raF\A ad a 'Fol-a\/\edra\ sw-go«;e >

28

N
R e . v
. 3 + .

3
£



Corb“ana_ (0.4

(-f § 15 a cownected SIW(P\Q. 'Flana.r %mrl« witdh V23, tdhen Es3V-6.

n addikion, rf & has no -tﬁm%lz,-tb\en EsaV-4

=g

Nete that evera "Yw:e 8 bounded b!& at least 3 a:l%e:, and evena ed%e s shared Ima
“o -fuas so 3F22E . Then resutt fullows from Comoining T widh the Buders -fmmlq

The 'Pmef Bf -dhe second Part s Just rzrlacina the above t«\e%ﬂalrba lua LESYE .

BExerdise 1o.1
'B\a u\stv\% -the above. curo(lqna_, show  -that
iy Ke and Ky are V\ovx:qumr.

Gy e_vena siwcl;le 'Flawo.r‘ %ra:‘ﬁn cotains  a verkex c? de%ree at wmost &.



